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Abstract
A Tychonoff space X has a zero-set or an open regular Fσ universal parametrised by a σ -compact
space if and only if X is metrisable. Weakening the condition to the parametrising space being
Lindelöf-Σ implies that X is strongly quasi-developable.
If X has an open Fσ universal parametrised by a σ -compact space then X is developable. In this
case if the parametrising space is Lindelöf-Σ then X has a quasi-development. Some examples are
given.
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1. Introduction
In this paper we deal with function and set universals. A universal will in some
appropriate sense parametrise all objects in a certain class. More specifically we can
define a continuous function universal as follows. Given a space X we say that a space
Y parametrises a continuous function universal for X via the function F if F :X × Y → R
is continuous and for any continuous f :X → R there exists some y ∈ Y such that
F(x, y)= f (x) for all x ∈X. We will use Fy to denote the corresponding function on X.
We are also interested in the following three types of set universal. Given a space X
we say that a space Y parametrises a (co)zero-set (respectively, open Fσ , open regular
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Fσ ) universal for X if there exists U , a (co)zero-set (respectively, open Fσ , open regular
Fσ ) in X × Y such that for all A ⊂ X with A a zero-set (open Fσ , open regular Fσ )
there exists y ∈ Y such that Uy = {x ∈ X: (x, y) ∈ U} = A. A set A ⊂ X is a regular Fσ
set if there exists countable collection of open sunsets of X, say {Un: n ∈ ω}, such that
A =⋃{Un: n ∈ ω} =⋃{Un: n ∈ ω}. Of course we can similarly define universals for any
type of subset. Note that the complement of a zero-set universal is a cozero-set universal.
For more on open set universals and Borel set universals see [6–8].
Let C(X) denote the set of all continuous real-valued function on a space X. The
evaluation map e :X × C(X) → R is defined by e(x,f ) = f (x) for all x ∈ X and
f ∈ C(X). In [1] an admissible topology is defined to be a topology on C(X) that makes
the evaluation map continuous. It is clear that C(X) with an admissible topology is in fact
just a specific example of a continuous function universal.
Our main results connect the metrisability of the space X with properties of the
parametrising space Y . For example, we show that a space X is metrisable if and only if it
has a zero-set universal parametrised by a σ -compact space. If we weaken the condition on
the parametrising space to Lindelöf-Σ we show that we do not necessarily get metrisability
of X, but we do get the existence of a σ -disjoint basis.
We assume that all spaces are at least T1.
2. Preliminaries
The following result relates continuous function universals to zero-set universals.
Theorem 1. Suppose Y parametrises a zero-set universal for a space X. Then some
subspace of Yω parametrises a continuous function universal for X.
Proof. Fix F :X × Y → R so that every zero-set is a ‘cross-section’ of F . Fix a basis
B = {Bn: n ∈ ω} for R. Define e :C(X) → Yω by e(f )n = y(f,n) where y(f,n) ∈ Y is
chosen such that (F y(f,n))−1(R \ {0})= f−1(Bn) (†). (Note that Bn is a cozero-set, hence
f−1(Bn) is a cozero-set in X, and thus y(f,n) does exist by universality of F .)
Let us check that e is injective. Indeed, if distinct f,g are in C(X) then for some x ,
we have f (x) = g(x). Pick N ∈ ω such that f (x) ∈ BN but g(x) /∈ BN . Then f−1(Bn) =
g−1(BN ), so e(f )N = e(g)N .
Hence e and the topology on Yω induce a topology on C(X). It remains to show that
if x ∈ X, f ∈ C(X) and f (x) ∈ BN , then there is an open U containing x and open V
containing f such that, for all x ′ ∈ U and f ′ ∈ V we have f ′(x ′) ∈BN . For then e(C(X))
and G :X× e(C(X)) → R defined by G(x, e(f )) = f (x) witness that X has a continuous
function universal parametrised by a subspace (viz. e(C(X))) of Yω—as required.
Take x , f and N so that f (x) ∈ BN . Then (F e(f )N ))−1(R \ {0}) = f−1(BN), and so
F(x, e(f )N) ∈ (R \ {0}). Hence, by continuity of F , there exist open U containing x
and open VN containing e(f )N such that F(U × VN) ⊆ (R \ {0}) (∗). Let V = {f ′ ∈
C(X): e(f ′)N ∈ VN }—a basic open neighbourhood of f in the induced topology.
Now suppose x ′ ∈ U and f ′ ∈ V . As f ′ ∈ V we have e(f ′)N ∈ VN (definition of V ),
which combined with x ′ ∈ U and (∗), yields F(x ′, e(f ′)N ) ∈ (R \ {0}), which means
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x ′ ∈ (F e(f ′)N )−1(R\{0})= (f ′)−1(BN), with the equality occurring by our original choice
of e(f ′)N (see (†)). But we now have f ′(x ′) ∈ BN—as required. 
We include at this stage the following technical lemma. It will be useful later on
when we are constructing universals as it allows us to partition the class of subsets to
be parametrised and parametrise each piece separately. We will use T to denote a type of
subset of a space. For example, T could be open Fσ . Let TX denote all subsets of a space
X of type T .
Lemma 2. Fix a Tychonoff space X and T , a type of subset of X. For each n ∈ ω let An
be a subset of TX such that all the following holds. Assume that for all V ∈ TX there exist
Vn ∈ An for each n ∈ ω such that V =⋃{Vn: n ∈ ω}. Furthermore assume that we have
spaces {Yn: n ∈ ω} and {Un: n ∈ ω} where Un ⊂ X × Yn and Un ∈ TX×Yn such that for
each V ∈ An there exists y ∈ Yn with (Un)y = V . Then Y =∏n∈ω Yn parametrises a T
universal for X when T is any of the types:
(i) zero-set,
(ii) open regular Fσ ,
(iii) open Fσ .
Proof. We begin by defining U ⊂ X × Y by U =⋃{Un ×∏j =n Yj : n ∈ ω}. Note that for
any y = (yn)n∈ω ∈ Y we have Uy =⋃{(Un)y : n ∈ ω}. Now since each of the three types
of set in question are closed under countable unions we see that {Uyn : y ∈ Y } = TX . It
remains to be shown that in fact U is a set of type T in X × Y .
(i) T = zero-set: For each n ∈ ω we have fn :X×Yn → R such that fn(x, y)= 0 if and
only if (x, y) /∈ Un. Define F :X × Y → R by F(x, y) =∑n∈ω 2−nfn(x, yn) for x ∈ X
and y ∈ Y (here yn is the nth component of y ∈ ∏Yn). Note that F is continuous and
F−1(0) = (X × Y ) \ U .
(ii) & (iii) T = openFσ or open regular Fσ : We know that for each n ∈ ω we have
Un =⋃m∈ω Fmn where Fmn ⊂ Fm+1n for all m ∈ ω, each Fmn is closed and in the case of
open regular Fσ has non-empty interior. Now define Fn =⋃{Fni ×
∏
j =i Yj : i  n}. Then
U =⋃n∈ω Fn and each Fn is closed with non-empty interior if each Fmn does. 
3. Compactness and σ -compactness
We now investigate what happens when X has a zero set universal, open regular Fσ
universal or open Fσ universal parametrised by a compact or σ -compact space. We begin
by defining the following universal type object.
Let X,Y be spaces and U ⊂ X × Y . We will refer to the topology τ with subbasis
{Uy : y ∈ Y } (where Uy = {x ∈ X: (x, y) ∈ U}) as the topology generated by (Y,U). The
following general lemma will be very useful.
4 P. Gartside, A. Marsh / Topology and its Applications 143 (2004) 1–13
Lemma 3. Let X be a space. If there exists a σ -compact space Y and open regular Fσ set
U ⊂ X × Y such that the topology generated by (Y,U) coincides with the topology on X,
then X is metrisable.
Proof. Without loss of generality we can assume that Y =⋃n∈ω Kn, where each Kn is
compact and open and for all n ∈ ω we have Kn ⊂ Kn+1. Let U ⊂ X × Y be as in
the statement of the lemma. For each m ∈ ω let Um ⊂ X × Y be open and assume that
U =⋃{Um: m ∈ ω}.
For each x ∈X and n,m ∈ ω define
V (n,m,x) =
⋃{
A ⊂ X: x ∈A,A is open,
A× (Um ∩ (X ×Kn)
)
x
⊂ U ∩ (X × Kn)
}
.
Note that each V (n,m,x) is an open neighbourhood of x . By the Collins–Roscoe
metrisation theorem (see [3]) it suffices to show:
(1) For all x ∈ X the collection {V (n,m,x): n,m ∈ ω} is a local base.
(2) For all n,m ∈ ω and x ∈ X there exists an open S ⊂ X with x ∈ S such that
x ∈ V (n,m,x ′) for all x ′ ∈ S.
(3) For all x ∈ X and all open S with x ∈ S there exist n,m ∈ ω and open T with x ∈ T
such that x ′ ∈ T implies V (n,m,x ′) ⊂ S.
(1) Fix U open and x ∈ U . There exists some y = {y1, . . . , yr} ∈ Y r such that x ∈⋂r
i=1 Uyi ⊂ U . We will use Uy to denote
⋂r
i=1Uyi . We know that there is some n ∈ ω
such that yi ∈ Kn for all i = 1, . . . , r . There is also some m ∈ ω such that (x, yi) ∈
(Um ∩ (X × Kn)) for all i = 1, . . . , r . Note that since (Um ∩ (X × Kn))x is compact we
can find open A with x ∈ A such that A × (Um ∩ (X × Kn))x ⊂ U ∩ (X × Kn). But if
x ′ ∈ V (n,m,x) then (x ′, yi) ∈ U ∩ (X ×Kn) for all i = 1, . . . , r and so x ′ ∈ Uy ⊂ U . This
shows that x ∈ V (n,m,x) ⊂ U .
(2) Fix n,m ∈ ω and x ∈ X. If (Um ∩ (X × Kn))x = ∅ then ({x} × Kn) ∩ (Um ∩
(X × Kn)) = ∅. Since {x} × Kn is compact we get an open S with x ∈ S such that
(S ×Kn) ∩ (Um ∩ (X ×Kn)) = ∅. So for all x ′ ∈ S we have V (n,m,x ′) = X.
Now assume that (Um ∩ (X × Kn))x = ∅. We can find open S with x ∈ S and open
W1,W2 ⊂ Kn such that
• W1 ∪W2 = Kn,
• Kn \ (U × Kn)x ⊂ W1,
• (Um ∩ (X ×Kn))x ⊂ W2,
• (S × W1)∩ (Um ∩ (X × Kn)) = ∅,
• S ×W2 ⊂ U ∩ (X ×Kn).
If x ′ ∈ S we know from the fourth condition that ((Um ∩ (X × Kn))x ′ ⊂ W2 and so
S × ((Um ∩ (X ×Kn))x ′ ⊂ U ∩ (X × Kn) implying that x ∈ S ⊂ V (n,m,x ′).
(3) Fix x ∈ X and open T with x ∈ T . As in the proof of part (1) we can fin y ∈ Y r
such that x ∈ Uy ⊂ T . Then there exist n,m ∈ ω such that (x, yi) ∈ Um ∩ (X ×Kn) for all
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i = 1, . . . , r . As before find open S with x ∈ S and open W1,W2 satisfying the same five
properties as in part (2). In addition assume that S ⊂ (Um ∩ (X × Kn))y . Now take x ′ ∈ S.
Since x ′ ∈ S ⊂ (Um ∩ (X×Kn))y we have yi ∈ (Um ∩ (X×Kn))x ′ for all i = 1, . . . , r and
so V (n,m,x ′) ⊂ Uy ⊂ T . 
If the parametrising space is almost σ -compact (i.e., has a dense σ -compact subspace)
then we have the following.
Theorem 4. Let X be a Tychonoff space. If X has a zero set universal or an open regular
Fσ universal parametrised by Y , an almost σ -compact space, then X is submetrisable.
Proof. Let U witness the universal. Let D ⊂ Y be a dense σ -compact subspace. Now D
generates a topology on X by letting each Uy be open for each y ∈D. It is routine to check
that this must be a T1 topology and so by Lemma 3 we are done. 
Lemma 3 also simplifies the proof of the following.
Theorem 5. Let X be a Tychonoff space. Then the following are equivalent:
(1) X is metrisable.
(2) X has a zero set universal parametrised by a compact Hausdorff space.
(3) X has an open regular Fσ universal parametrised by a compact Hausdorff space.
(4) X has a zero set universal parametrised by a σ -compact Hausdorff space.
(5) X has an open regular Fσ universal parametrised by a σ -compact Hausdorff space.
Proof. The fact that any of (2), (3), (4) or (5) imply (1) follows from Lemma 3. It is also
clear that (2) implies (4) and that (3) implies (5). It remains to show that (1) implies (2)
and (4).
Let X be a metric space. Since all open sets are cozero-sets and also open regular Fσ
sets it will suffice to find a continuous real-valued function F :X × 2B → R such that for
all open U there is a y ∈ 2B with U = {x ∈ X: F(x, y) = 0}, where B is a basis for X of
minimal cardinality.
Let B =⋃{Bn ∈ ω} be a σ -discrete basis for X. For each n ∈ ω we define the function
fn :X × 2Bn → R by letting
fn(x, y)= d
(
x,X \
⋃{
U ∈ Bn: y(U)= 1
})
.
We now define F(x, y) = ∑n<ω 2−nfn(x, yBn ). Then F(x, y) = 0 if and only if
fn(x, y Bn) = 0 for all n ∈ ω. This holds precisely when x /∈
⋃{U : y(U) = 1}. So this
does in fact give us all open subsets of X.
It remains to show that F is continuous. It will suffice to check that each fn is
continuous. Fix n ∈ ω,x ∈ X and y ∈ 2Bn . If fn(x, y) = 0 then x ∈ B for some B ∈ Bn
with y(B) = 1. Then for all y ′ ∈ 2Bn such that y ′(B) = y(B) = 1 and all x ′ ∈ B we have
fn(x
′, y ′) = fn(x, y).
Now assume that fn(x, y) = 0. There exists open U with x ∈ U such that U intersects
at most one B ∈ Bn. If U intersects none then for all x ′ ∈ U and all y ′ ∈ 2Bn we have
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fn(x
′, y ′) = 0. If U intersects some B ∈ Bn and y(B) = 0 then fn(x ′, y ′) = 0 for all x ′ ∈ Uand for all y ′ such that y ′(B) = 0. If y(B) = 1 then fn(x ′, y ′) ∈ (−ε, ε) for all x ′ ∈B(x, ε)
and for all y ′ such that y ′(B) = 1. 
The case for open Fσ universals is different.
Theorem 6. If X is a Tychonoff space with an open Fσ universal parametrised by a σ -
compact space then X is developable.
Proof. First we assume that the parametrising space Y is compact. Let U ⊂ X × Y be the
universal and let U =⋃{Fn: n ∈ ω} where each Fn is closed.
Fix n ∈ ω. For each x ∈ X we can find, using compactness of Y , open V nx with x ∈ V nx ,
and open Anx,Bnx ⊂ Y satisfying: (i) Anx ∪ Bnx = Y , (ii) (V nx × Anx) ∩ Fn = ∅ and (iii)
V nx × Bnx ⊂ U . Define Gn = {V nx : x ∈ X}. We claim that the collection G = {Gn: n ∈ ω} is
a development for X.
Fix x ∈ X and open U ⊂ X containing x . We can assume that U is an open Fσ .
There is some y ∈ Y such that U = Uy and some N ∈ ω such that (x, y) ∈ FN . We
will show that x ∈ st(x,GN) ⊂ U . Let x ′ ∈ X be such that x ∈ VNx ′ . We know that
({x}× (FN)x)∩ (V Nx ′ ×ANx ′) = ∅ and so (FN)x ∩ANx ′ = ∅. This gives us that (FN)x ⊂ BNx ′
and so Vx ′ × (FN)x ⊂ V Nx ′ ×BNx ′ ⊂ U . This shows that V Nx ′ ⊂ U .
Now assume that Y is σ -compact. In fact we can assume that Y =⋃{Km: m ∈ ω} where
each Km is compact and Km ⊂ Km+1 for all m ∈ ω. As before let U =⋃{Fn: n ∈ ω}
denote the open Fσ universal. Let Y ′ be the Alexandroff one-point compactification
of Y . For each n,m ∈ ω let F ′n,m ⊂ X × Y ′ be defined as F ′n,m = Fn ∩ Km. Then
U =⋃{F ′n,m: n,m ∈ ω}. Also U is open in X × Y ′ and each F ′n,m is closed. So in fact
X must have an open Fσ universal parametrised by Y ′ a compact space. 
To get the converse we need an additional assumption.
Theorem 7. Every Tychonoff metacompact Moore space has an open Fσ universal
parametrised by a compact space.
Proof. Let X be a metacompact Moore space. Then X has a development G =⋃n∈ω Gn
such that each Gn is a point-finite cover of X (see [5, p. 332]). Note that all open subsets
are in fact Fσ sets. If for each n ∈ ω we can parametrise all open subsets of X that are
unions of elements of Gn by the space 2Gn then by Lemma 2 we are done.
Fix n ∈ ω and define Un ⊂ X × 2Gn by
Un =
⋃
y∈2Gn
((⋃{
G ∈ Gn: y(G) = 1
})× {y}
)
.
Note that Un is open and that (Un)y =⋃{G ∈ Gn: y(G)= 1} for all y ∈ 2Gn . It is clear that
Un does parametrise all the relevant sets. It remains to show that Un is an open Fσ subset
of X × 2Gn .
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For each n,m ∈ ω we define
Vn,m =
⋃
y∈2Gn
((⋃{
st(x,Gm): x /∈ (Un)y
})× {y}
)
.
Let Fn,m = (X × 2Gn) \ Vn,m. We claim that each Fn,m is closed and that Un =⋃{Fn,m: m ∈ ω}.
Clearly Fn,m ⊂ Un. Now pick any (x, y) ∈ Un. We can find M ∈ ω such that st(x,Gn) ⊂
(Un)y and so (x, y) /∈ Vn,M .
Now we check that Vn,m is open. Fix (x, y) ∈ Vn,m. There is an x1 ∈ X and G ∈ Gm
such that x, x1 ∈G and if x1 ∈ G′ ∈ Gn we have y(G′) = 0. Let
W = {y ′ ∈ 2Gn : y ′(H) = y(H) ∀H ∈ Gn such that x1 ∈H
}
.
Now since Gn is a point finite cover we can be sure that W is in fact open. We claim
that G × W ⊂ Vn,m. Choose (x ′, y ′) ∈ G × W . We have x ′ ∈ G and x1 ∈ G and so
x ′ ∈ st(x1,Gm). Also y ′ ∈ W so y ′(H) = y(H) = 0 if x1 ∈ H ∈ Gn. So x1 /∈ (Un)y which
implies (x ′, y ′) ∈ Vn,m. 
Question 8. Characterise the spaces with an open Fσ universal parametrised by a compact
space.
We finish this section by examining the case for continuous function universals. Clearly
X can never have a continuous function universal parametrised by a compact space.
However the situation for σ -compactness is not much better.
Theorem 9. Assume that Y parametrises a continuous function universal for a Tychonoff
space X. Then Y is σ -compact if and only if X is finite.
Proof. We know that Cp(X) is the continuous image of Y and so Cp(X) is σ -compact if
Y is. But then X must be finite (see [2]). The converse is obvious. 
4. Lindelöf and Lindelöf-Σ spaces
We will examine what properties X must have if it has universals parametrised by a
Lindelöf-Σ space or a Lindelöf space. But first we have the following result.
Theorem 10. X is separable metric if and only if X has a continuous function universal
parametrised by a separable metric space.
Proof. If X is separable metric then it has a zero-set universal parametrised by 2ω (see the
proof of Theorem 5). Now by Lemma 1 some subspace of (2ω)ω parametrises a continuous
function universal for X.
If Y parametrises a continuous function universal for X then it is straightforward to
check that w(X) nw(Y ). In fact if {Bα : α ∈ κ} is a network for Y then defining
Cα =
{
U ⊂ X: U is open, F (x, y) = 0 ∀x ∈U ∀y ∈ Bα
}
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we have that {Cα : α ∈ γ } is a basis for X. 
Theorem 11. If a Tychonoff space X has a zero set universal, open regular Fσ universal
or an open Fσ universal parametrised by a Lindelöf space Y then X is first countable.
Proof. Let U ⊂ X × Y be the relevant universal. We know that U =⋃{Fn: n ∈ ω} where
each Fn is closed. Fix x ∈ X and n ∈ ω. The set (Fn)x is a closed subset of Y and so
{x}× (Fn)x is Lindelöf. Cover {x}× (Fn)x with countably many U(x,n,m)×V (x,n,m)
such that U(x,n,m) × V (x,n,m) ⊂ U . So we have that (Fn)x ⊂⋃{V (x,n,m): m ∈ ω}
and x ∈ U(x,n,m) for all m ∈ ω.
We claim that {U(x,n,m): n,m ∈ ω} is a local basis at x . Fix open U with x ∈ U .
There is some y ∈ Y such that x ∈ Uy ⊂ U . There are n,m ∈ ω such that (x, y) ∈
U(x,n,m)× V (x,n,m) and hence x ∈ U(x,n,m) ⊂ Uy ⊂ U . 
However, we know that having a continuous function universal parametrised by a
Lindelöf space will not necessarily give metrisability. For example, Ck(ω1) is Lindelöf
(see [10]) and since ω1 is locally compact we know that the evaluation mapping e :ω1 ×
Ck(ω1) → R defined by e(α,f ) = f (α) is continuous (see [1]). So Ck(ω1) parametrises a
continuous function universal for ω1.
We now look at a subclass of the class of Lindelöf spaces, that of Lindelöf-Σ spaces.
We have the following characterisation of Lindelöf-Σ spaces.
Definition 12. A space Y is a Lindelöf-Σ space if and only if there exists a cover of Y by
compact sets {Kα : α ∈ κ} and a countable collection of sets {Sn: n ∈ ω} such that for all
α ∈ κ and open U ⊃ Kα there is n ∈ ω such that Kα ⊂ Sn ⊂ U .
An alternative description is that the class of Lindelöf Σ-spaces is the smallest class
containing all compact spaces, all separable metric spaces, and which is closed under
countable products, closed subspaces and continuous images. Since a space with a zero-set
universal (or open regular Fσ universal) parametrised either by a compact space or by a
separable metric space is metric (separable metric in the second case) it would be plausible
to suppose that weakening ‘compact’ and ‘separable metric’ to ‘Lindelöf Σ’ would also
give metric. This is not the case.
Definition 13. A strong quasi-development for a space X is a collection {Gn: n ∈ ω} where
each Gn is a collection of subsets of X such that for all open U and x ∈U there exists open
V = V (x,U) with x ∈ V ⊂ U and n = n(x,V ) ∈ ω such that St (V,Gn) ⊂ U .
This is equivalent to the space X having a σ -disjoint basis (see [4]). We now see that
a space having a zero-set universal or an open regular Fσ universal parametrised by a
Lindelöf Σ-space must have a strong quasi-development, but need not be metrisable (or
even developable). Further there is a strongly quasi-developable space with no zero-set
universal or open regular Fσ universal parametrised by a Lindelöf Σ-space.
Lemma 14. Let X be a Tychonoff space.
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(i) If X has a zero-set universal or an open regular Fσ universal parametrised by Y , a
Lindelöf-Σ space, then X has a strong quasi-development.
(ii) If X has an open Fσ universal parametrised by a Lindelöf-Σ space, then X has a
quasi-development.
Proof. Assume that we have collections of sets {Kα : α ∈ κ} and {Sn: n ∈ ω} as in the
definition of Lindelöf-Σ , where each is a collection of subsets of Y . Note that if Y is any
of the three relevant types of universal then there is an open U ⊂ X× Y and a collection of
closed subsets {Fm: m ∈ ω} such that
U =
⋃
{Fm: m ∈ ω}
and {Uy : y ∈ Y } is a basis for X.
Now for each n,m ∈ ω and x ∈ X find open A(x,n,m),B(x,n,m) ⊂ Y and open
V (x,n,m)⊂ X with x ∈ V (x,n,m) satisfying:
(a) A(x,n,m)∪B(x,n,m) ⊃ Sn,
(b) (V (x,n,m)×A(x,n,m))∩Fm = ∅, and
(c) V (x,n,m)×B(x,n,m) ⊂ U .
Of course we may not be able to find such sets and in this case we define V (x,n,m)= ∅.
Let Gn,m = {V (x,n,m): x ∈X}. We claim that G = {Gn,m: n,m ∈ ω} is a strong quasi-
development for X if U is a zero-set universal or an open regular Fσ universal. If U is an
open Fσ universal then G is a quasi-development.
First we check that it is a basis. Fix x ∈ X and open U with x ∈ U . Without loss
of generality we can assume that U = Uy for some y ∈ Y . There is some m ∈ ω with
(x, y) ∈ Fm and there is some α ∈ κ such that y ∈ Kα . We can find open V1 ⊂ X with
x ∈ V1 and open A ⊂ Y such that
{x} × ((Y \ Ux)∩Kα
)⊂ V1 ×A
and (V1 ×A)∩Fm = ∅. Now find open V2 ⊂ X with x ∈ V2 and open B ⊂ Y such that
{x} × ((Y \A)∩Kα
)⊂ V2 ×B
and V2 × B ⊂ U . Find Sn such that Kα ⊂ Sn ⊂ A ∪ B . This shows that V (x,n,m) is
indeed an open neighbourhood of x (as V (x,n,m) = V1 ∩ V2 is one possibility). Also if
x ′ ∈ V (x,n,m) then since y ∈ Sn we have y ∈ A(x,n,m) or y ∈ B(x,n,m). We know that
y ∈B(x,n,m) since (x, y) ∈Fm. Then (x ′, y) ∈ U and so x ′ ∈ Uy = U .
Now we fix open U ⊂ X and x ∈ U and will show that there exist n,m ∈ ω such that
x ∈ st(x,Gn,m) ⊂ U . As before, assume U = Uy for some y and find n,m ∈ ω such that
(x, y) ∈ Fm , y ∈ Sn and x ∈ V (x,n,m) ⊂ U . If x ∈ V (x ′, n,m) then we must have y ∈
B(x ′, n,m) since (x, y) ∈ Fm. But then condition (c) implies that V (x ′, n,m) ⊂ Uy = U .
This completes the proof of part (ii).
In the cases where U is a zero-set universal or a regular open Fσ universal we can
assume that there is a collection of open sets {Um: m ∈ ω} such that Fm = Um for all
m ∈ ω and also
U =
⋃
{Um: m ∈ ω}.
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Again fix open U , x ∈ U and y ∈ Y such that U = Uy . Find n,m ∈ ω such that (x, y) ∈ Um,
y ∈ Sn and x ∈ V (x,n,m) ⊂ U . Furthermore find open V with x ∈ V ⊂ V (x,n,m) such
that there is an open W ⊂ Y with y ∈ W and V × W ⊂ Um. Let x2 ∈ X be such that
V ∩ V (x2, n,m) = ∅. Let x1 ∈ V (x2, n,m)∩ V . If we can show that y ∈ B(x2, n,m) then
since V (x2, n,m) × B(x2, n,m) ⊂ U we must have V (x2, n,m) ⊂ U . If y ∈ A(x2, n,m)
then (x1, y) /∈ Um. But we know that (x1, y) ∈ Um so y /∈ A(x2, n,m). We know that y ∈ Sn.
But y /∈ A(x2, n,m) means that y ∈B(x2, n,m). This shows that x ∈ st(V ,Gn,m) ⊂ U . 
Example 15. There is a non-developable Tychonoff space X and a Lindelöf-Σ space Y ,
such that Y parametrises a zero-set universal, a regular Fσ universal, and an open Fσ
universal for X.
Proof. Let B ⊂ R be a Bernstein set. Let A = R\B . We define the topology on X = A∪B
by isolating all points in B . Note that X has a σ -disjoint base and is not developable.
We can express an arbitrary open subset of X as U ∪V where U ∩V = ∅, V ⊂ B and U
is open with respect to the Euclidean topology. If |V | ω then U ∪ V is a co-zero subset
of X (and hence an open Fσ , regular Fσ ). We will show that if |V | > ω then U ∪ V is not
an open Fσ subset.
Assume that |V | >ω. We know that U ∪ V =⋃{Cn: n ∈ ω} where each Cn is closed.
Then for some n ∈ ω we know that |V ∩Cn| >ω. This set must have a limit point in A, say
x . But then x ∈ Cn ⊂ U ∪ V . We must have x ∈U and so we get U ∩V = ∅ contradicting
our assumption.
We know that we can parametrise all the Euclidean open sets by a compact space Y1.
We will parametrise all the one point subsets of B by a Lindelöf-Σ space. So by Lemma 2
we will have that Y1 × Yω2 parametrises a zero-set universal for X (and by our previous
arguments, regular Fσ and open Fσ universals).
We will use Bd to denote the set B with the discrete topology and Bu to denote B with
the Euclidean topology. We define Y2 ⊂ αBd ×Bu by
Y2 =
{
(b, b): b ∈B} ∪ {(∞, b): b ∈B}.
Note that Y2 is closed and hence a Lindelöf-Σ space. We define U ⊂ X × Y2 to be
U = {(b, b, b): b ∈ B}.
First note that U does in fact parametrise all the one point subsets of B . If we can show
that U is closed and open then it must be a co-zero subset of X × Y2. To show that U
is open fix (b, b, b) ∈ U . We know that {b} is open in X and {b} is open in αBd . Then
({b} × {b} ×Bu)∩X × Y2 = {(b, b, b)} is open.
To show that U is closed we fix (x, y, b) /∈ U and look at two cases.
(i) (y = ∞). If y = b then find Euclidean open V with b ∈ V and y /∈ V . Then
(X × {y} × V ) ∩ U = ∅. If y = b then x = b. Find disjoint Euclidean open V1,V2
with x ∈ V1, b ∈ V2. This gives (V1 × {b} × V2)∩ U = ∅.
(ii) (y = ∞). If x = b then again find disjoint Euclidean open V1,V2 with x ∈ V1, b ∈ V2.
This gives (V1 ×αBd ×V2)∩U = ∅. If x = b then choose some open neighbourhood
V of ∞ such that b /∈ V . So ({b}× V × Bu)∩ U = ∅. 
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Example 16. There is a Tychonoff space X that is strongly quasi-developable that
cannot have a zero-set universal, an open regular Fσ universal or an open Fσ universal
parametrised by a Lindelöf-Σ space.
Proof. We begin by defining a preliminary space Z. Let Z =∏{n: n ∈ ω} where each
cardinal n has the discrete topology. Note that |Z| = (ω)ω > ω and that w(Z) = ω .
Also there are (ω)ω closed subsets of size |Z|. In fact any closed subset of cardinality
greater than ω has cardinality (ω)ω (see [11]). We can construct a Bernstein set in Z,
i.e., B ⊂ Z such that |B| = (ω)ω satisfying the condition that both B and Z \B intersect
every closed subset of cardinality (ω)ω . To do this we enumerate all closed subsets of
cardinality (ω)ω as C = {Cα : α < (ω)ω}. For each α < (ω)ω we choose bα, cα ⊂ Cα
such that bα = cλ for all λ α.
Let A = Z \B . We define the topology on X = A∪ B by isolating all the points in B .
It remains to show that X can have no open Fσ universal parametrised by Y , a Lindelöf-
Σ space. It will suffice to assume that Y is a closed subspace of K × M where K is
compact and M is second-countable. If X does have such a parametrising space then in
particular it must parametrise all the one-point sets from B (i.e., there is some open Fσ
set U ⊂ X × Y such that for all b ∈ B there is a yb ∈ Y with Uyb = {b}). Note that the
collection {yb: b ∈ B} is a discrete subspace of Y . Let C = {(b, yb): b ∈ B}. If we can
show for all m ∈ M that |πY (C)∩ (K × {m})∩ Y | < 2ω then we are done as |M| 2ω.
Now assume that there exists an m ∈ M such that |πY (C) ∩ (K × {m}) ∩ Y | = 2ω .
Let D = πY (C) ∩ (K × {m}) ∩ Y . We know that {(b, yb): yb ∈ D} ⊂ U . Since U is the
countable union of closed subsets {Fn: n ∈ ω} we know for some n ∈ ω that |{(b, yb): yb ∈
D} ∩ Fn| = 2ω . Let E = {(b, yb): yb ∈D} ∩ Fn. Note that E is a closed subspace of
X × Y and that πY (E) ⊂ K × {m}. Hence E is compact. Now the collection πX(E) must
have a limit point outside B , say x . We will show that for some y ∈ πY (E) we must have
(x, y) ∈ E. (Such a y can clearly not be one of the yb’s). If for every y ∈ πY (E) there
exist open Vy,Wy such that (x, y) ∈ Vy × Wy and (Vy × Wy) ∩ E = ∅ then find some
countable subcover of πY (E) say {Wyi : i = 1, . . . , j }. Since (Vyi × Wyi ) ∩ E = ∅ then
defining V =⋂{Vyi : i = 1, . . . , j } we get V ∩ πX(E) = ∅ which is a contradiction.
To finish we note that (x, y) ∈ U . So there is some open S×T with (x, y) ∈ S×T ⊂ U .
But then we have (b, yb) ∈ S × T and so (x, yb) ∈ U contradicting the fact that Uyb =
{b}. 
Problem 17. Characterise the spaces with a zero-set universal parametrised by a Lindelöf-
Σ space.
We have been unable to answer the following question.
Problem 18. If a Tychonoff space X has a continuous function universal parametrised by
a Lindelöf-Σ space then is X metrisable?
The following observations may be of use in answering this question. Note that if Y
parametrises a continuous function universal for X then so does any space which can
be continuously mapped onto Y . In addition every Lindelöf-Σ space is the continuous
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image of some space which is a closed subspace of K × M for some compact K and
second-countable M (see [9]) and so we can restrict our attention to parametrisation by
such spaces.
Also, if there is a non-metrisable space with a continuous function universal para-
metrised by such a space then the following result does place some restrictions on the
parametrisation.
Lemma 19. Fix a Tychonoff space X, compact K , separable metrisable M and closed
Y ⊂ K × M . Assume that Y parametrises a continuous function universal for X via
F :X × Y → R. If there is some continuous f :X → R that only appears finitely many
times in the parametrisation then s(X) = ω. Hence (by Lemma 14) X is second-countable.
Proof. Since Y is a closed subspace of K × M there is a cover of Y by pairwise disjoint
compact sets {Kα : α ∈ κ} and a countable collection of open sets U = {Un: n ∈ ω} such
that for all α ∈ κ and open U ⊃ Kα there exists n ∈ ω such that Kα ⊂ Un ⊂ U . Also assume
that U is closed under finite unions. Assume that f :X → R appears only finitely many
times in the parametrisation and that {zi : i = 1, . . . , j } list all elements of Y representing
f (i.e., Fzi = f for i = 1, . . . , j ). Each zi is in Kαi for some α < κ .
Now assume that s(X) > ω and let {xβ : β < ω1} be an uncountable discrete subspace.
For any r ∈ R and γ < ω1 there is a continuous fγ,r such that fγ,r (xγ ) = r and
fγ,r(xβ) = 0 when γ = β . Now since each Kαi is compact we can choose rβ ∈ R such
that F(xβ, y) = (r + f (xβ)) for any y ∈ ⋃{Kαi : i = 1, . . . , j } = K . For each of the
functions f + fβ,rβ choose some yβ ∈ Y that represents the function. For each β < ω1
we can find Unβ ∈ U such that K ⊂ Unβ and yβ /∈ Unβ . Since U is countable there is some
Un such that K ⊂ Un and yβ /∈ Un for uncountably many β . But this gives a contradiction
as this uncountable set must have a limit point but the only possible limit points are
{zi : i  j }. 
Corollary 20. Let X be a Tychonoff space and τ an admissible topology on C(X). If
(C(X), τ ) is homeomorphic to a closed subspace of K ×M where K is compact and M is
separable metrisable then X is a separable metrisable space.
Problem 21. If a space X has a zero-set universal or an open regular Fσ universal
parametrised by a product of a compact and a second countable space, then is X
metrisable?
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